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A delay, what does it change ?

Time-delay systems are also called systems with after effect or dead-

time, hereditary systems, equations with deviating argument or

differential-difference equations. They belong to the class of functional

differential equations which are infinite dimensional, as opposed to

ordinary differential equations. In spite of their complexity, they however

often appear as simple infinite-dimensional models in the very complex

area of partial differential equations. After the presentation of some

motivating examples, the talk will try to show main differences arising

from the presence of deviating time-arguments in the dynamics, seen

from different points of view : state, solutions, stability, identification...
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Delays : Classical examples

Strejć/Broïda – like models for industrial control

� frequent in process engineering

� simple and generic approximation  

� PID controler ? ... poor results if T > τ 
� Smith predictor or « GPID » ...

Ex: Steam Genererator LAGIS

T

heating
+

thermic diffusion

Delays : Another classical example

... a great standard of control classes (Feedback)

… and of systems with 

transport phenomena

T

PID ok 

T
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1) an applied topic,
2) an already old topic

[Smith 1959],

but, also...

a contemporary
research topic

5 among the hottest 9

ELSEVIER AUTOMATICA Top 10 Cited (articles published in the last five years) 
Extracted from Scopus (on Sun Oct 31 20:08:05 GMT 2010)

• Network-based robust H ∞ control of systems with uncertainty 325
Volume 41, Issue 6, 2005, Pp 999-1007
Yue, D. | Han, Q.-L. | Lam, J.

• Delay-range-dependent stability for systems with ti me-varying delay 212
Volume 43, Issue 2, 2007, Pp 371-376
He, Y. | Wang, Q.-G. | Lin, C. | Wu, M.

• Delay-dependent stabilization of linear systems with  time-varying state and input delays 181
Volume 41, Issue 8, 2005, Pp 1405-1412
Zhang, X.-M. | Wu, M. | She, J.-H. | He, Y.

• Stabilization of linear systems over networks with b ounded packet loss 156
Volume 43, Issue 1, 2007, Pp 80-87
Xiong, J. | Lam, J.

• Stability and L2-gain analysis for switched delay s ystems: A delay-dependent method 149
Volume 42, Issue 10, 2006, Pp 1769-1774
Sun, X.-M. | Zhao, J. | Hill, D.J.

• Bilateral teleoperation: An historical survey 148
Volume 42, Issue 12, 2006, Pp 2035-2057
Hokayem, P.F. | Spong, M.W.

• A new delay system approach to network-based contro l 139
Volume 44, Issue 1, 2008, Pp 39-52
Gao, H. | Chen, T. | Lam, J.

• Absolute stability of time-delay systems with secto r-bounded nonlinearity 132
Volume 41, Issue 12, 2005, Pp 2171-2176
Han, Q.-L.

• Robust integral sliding mode control for uncertain stochastic systems with time-varying delay 112
Volume 41, Issue 5, 2005, Pp 873-880
Niu, Y. | Ho, D.W.C. | Lam, J.

9 among the
last 5 years top 10 !
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Much a do about delay ?

• applied problem
engineering (NCS, telecom, crypto, real time), biology, populations, nuclear...

delay

• still open in many cases
closed-loop, variable delays, unknown delays, identification...

• the « simplest » infinite dimension problem 
functional equations, particular case of PDEs

• surprising properties
damaging/improving by adding delays, data-sampling model...

hh
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x
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Contents

Illustrative examples
• 1rst example (remote crtl.) � basic notions (stability, state, inf. dim.)

• 2nd example : variable delay � counter-example

• 3rd example : sampling � delay for modelling

• 4th example : Networked Control System (master-slave)

• goodies…

Cauchy’s problem for TDS
• Notion of solution
• Lipschitz-type condition
• And if the delay can vanish…

Stability and Lyapunov
• the LTI case
• 1rst Lyapunov (small states)
• small delays
• 2nd Lyapunov

Some words about identification

Mathematics

Distinctive features of TDS?
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A simple example

drive
voltage u measured angle xexpected 

angle
x = 0 +

-

error 

ε = 0 – x

Simple example (Cont’d)

embedded drive
(satellite)

u measured angle x(t)

+
-

com.
� delay h/2

com.
� delay h/2

transmitted angle x(t-h/2)

ε

transmitted control
ε(t-h/2)

expected 
angle
x = 0
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t

x

x0

0

?

?

Simple example (cont’d)

hhhh?
(dedicated to J.P. Barbot)

Simple example (cont’d)

to be compared with (h=0) :
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Simple example (cont’d)

(intermezzo...)

a delay can have a stabilizing effect as well

≈≈
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Back to the simple example...

� « state» notion ?
some variable φ(t) generating a
unique solution starting at time t

Simple example (cont’d)

� « state» notion ?
a variable φ(t) generating a unique 
solution starting at instant t

(Shimanov’s notation , 1960)

function xt= state at time t

vector x(t) = xt(0) solution at t

t

infinite dim. syst. 
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Re(s)

Im(s)

Simple example (cont’d)

poles?

infinite dim. syst.inf. poles

Re(s)

Im(s)

Simple example (cont’d)

stability
criterion

?

Hurwitz ok« retarded »

≠ « neutral »
Re(Re(Re(Re(ssss))))

-0.318 ± 1.337j
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Simple example (cont’d)

frequency
behavior ?

infinite dim. ...phase ----∞∞∞∞

phase �  ∞

+ - (OL)+ -

h

t

x

h

t

x(Bode, open loop)

log ω

gain

log ωphase

ϕ = −π/2−jhω

Simple example (the end!)

to sum up...
delay ⇒ strong influence on stability

fonctionnal state
infinite nb of poles (Hurwitz OK, Routh no)
strong phase displacement ( � −∞ )

and, up to now, it was not that complicated
constant delay
linear, scalar system « 1rst order »

is it the same for variable delays h(t) ?
a counter-example...
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(counter-)example with variable delay

1 π/2

and, for h = cst ∈ [0,1] iff (pink zone) 

is asymptotically stable iff (yellow zone) :

a

b

(T=1)

2

2

0

-2

-2

2

1

2

stable h(t)<1 - unstable h=cst<1

unstable h(t)<1 - stable h=cst<1

OK, but does such a delay h(t) happen? another example...

for 

= 1sec
1

1 2

Sampled and hold 
signal

(depicted for a constant period)

Delayed signal 
with variable h(t)

Sampled systems: an interesting idea…
Mikheev et al. 88, Sobolev et al. 89. Aström et al. 92 .

Continuous signal
Sampled signal 

time  

delay   

Fridman, Seuret, Richard - Automatica 2004
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Continuous
Process

Computer

A/D
Converter

D/A Converter
+ ZoH

x(t) x(nT)

u(t)=u

…with application to aperiodic sampling

u*(nT)
n

Continuous
Process

Remote
(or non prioritary)

Computing

A/D
Converter

D/A Converter

x(t)

uuuu(nTnTnTnT(tttt)))))

communication network
(or task scheduling,

packet loss...)

u(t) = g (x (nT(t))T(t)T(t)T(t)T(t)T(t)T(t)T(t)T(t)

Another statement of the same problem...

• Influence of the maximum sampling period hm
• Application of Fridman’s criterion dh /dt ≤ 1

delay    

0 ≤ h(t) ≤ hm
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4th example : Networked Control Systems

Master Slave

Network

• Limited computation/power

samplingsampling
delaydelay

samplingsampling
delaydelay

samplingsampling
delaydelay

samplingsampling
delaydelay

homogeneous delay formulation 

Seuret et al. - ACC 2006, Jiang et al. CDC’09…

Nighttime
vs

Daytime

Internet: Bluetooth:

Sampling:

+

+

remote observer
+ controller

(40 km)

Packet loss+

A week of RTT…

Mean =  82 ms
Maxi  = 857 ms
Mini   =     1 ms
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x 10ms

Global
delay

State
variables

chatter
+ obs.IC

α α α α = 1 α α α α = 3α α α α = 0

� Adaptation of control/observation  gains K, L to the available QdS

Note the predictor effect
(compensates the communication delay)

α α α α = 3

BIG

SMALLSMALL

BIG

0 5 10 15 20
0.5

1

1.5

2

Mixing tank system (with total recycle)

� Control = delay = k (motor speed)-1

� Non flat system

y(t) with/without saturation

Goodies (dedicated to Thomas Erneux)
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Goodies (2) (still dedicated to Thomas Erneux)

� deadzone (dry friction on angle x
1
) 

+  delay (measured pressure y) 
+  sign functions (control)

OK, that’s enough examples,

let’s go back to general questions
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Contents

Illustrative examples
• 1rst example (remote crtl.) � basic notions (stability, state, inf. dim.)

• 2nd example : variable delay � counter-example

• 3rd example : sampling � delay for modelling

• 4th example : Networked Control System (master-slave)

Cauchy’s problem for TDS
• Notion of solution
• Lipschitz-type condition
• And if the delay can vanish…

Stability and Lyapunov
• the LTI case
• 1rst Lyapunov (small states)
• small delays
• 2nd Lyapunov

Some words about identification

Mathematics..)

Distinctive features of TDS?

Illustrative examples
• 1rst example (remote crtl.) � basic notions (stability, state, inf. dim.)

• 2nd example : variable delay � counter-example

• 3rd example : sampling � delay for modelling

• 4th example : Networked Control System (master-slave)

(just a little bit)

• Notion of solution

• Lipschitz-type condition

• And if the delay can vanish…

Cauchy’s problem
(existence and unicity of solution for a TDS)



J.P. Richard, DYCOEC Besançon, Nov. 2010

17

Cauchy pb. (1/4)

Cauchy pb. 2/4
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Cauchy pb. 3/4

Cauchy pb. 4/4

(non-unicity of the trajectory reversion)
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Contents

Illustrative examples
• 1rst example (remote crtl.) � basic notions (stability, state, inf. dim.)

• 2nd example : variable delay � counter-example

• 3rd example : sampling � delay for modelling

• 4th example : Networked Control System (master-slave)

Cauchy’s problem for TDS
• Notion of solution
• Lipschitz-type condition
• And if the delay can vanish…

Stability and Lyapunov
• the LTI case
• 1rst Lyapunov (small states)
• small delays
• 2nd Lyapunov

Some words about identification

Distinctive features of TDS?

Stability

• the LTI case

• 1rst Lyapunov (small states)

• small delays

• 2nd Lyapunov
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Stability : the LTI case

Theorem: 

A linear time-invariant system (thus,with a constant delay):

is globally asymptotically stable iff all its characteristic roots:

are in the strict left half plane .  

0

Stability : 1rst method of Lyapunov
« approximation of the small deviations »
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Stability: LTI with small delays
« approximation of small delays »

Stability: LTI with small, single delay
quantification of a « small » admissible delay
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Another result by Kolmanovskii & Myshkis for LTI TDS (1999)

Lyapunov for TDS

(also in nonlinear                              )

« dissipative systems »

Lyapunov’s direct method for TDS

� need of delay-dedicated methods :
1) Lyapunov-Razumikhin functions (not here)

2) Lyapunov-Krasovskii functionals

ODE :

(« usual » quadratic)

FDE :

cross terms
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an illustration 
of the Lyapunov-Krasovskii approach

(quad + integral)

Lyapunov for TDS

NB: LK-functionals were used in the above NCS/sampled data proofs
(under a much more general form)

A bit more general LKF…A bit more general LKF…



J.P. Richard, DYCOEC Besançon, Nov. 2010

24

A bit more general LKF…and a way to delay-dependent stabilty…

+ many more general LKFs
see the textbook Mathématiques pour l'Ingénieur 

ISBN : 978-9973-0-0852-7 (Tunisie) 385 pages, 2009

pdf available on request…
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Contents

Illustrative examples
• 1rst example (remote crtl.) � basic notions (stability, state, inf. dim.)

• 2nd example : variable delay � counter-example

• 3rd example : sampling � delay for modelling

• 4th example : Networked Control System (master-slave)

Cauchy’s problem for TDS
• Notion of solution
• Lipschitz-type condition
• And if the delay can vanish…

Stability and Lyapunov
• the LTI case
• 1rst Lyapunov (small states)
• small delays
• 2nd Lyapunov

… Few last words about identification

Some words on our current research in

identification/estimation

http://www.inria.fr/lille/ &    http://hal.inria.fr/lab/ALIEN/

ALIEN : Algebra for Identification & Estimation
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a foreword on identifiability 
(dedicated to Gilles Millerioux…)

see also 
by the same authors:
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… and, more general (convolutions):

Identification results: up to now, linear systems

� Adaptive (continuous) techniques

� Diop, Kolmanovskii, Moraal, vanNieuwstadt – Control Eng.Pract. 9, 2001 
‘‘Preserving stability/performance when facing an unknown time delay.”

� Orlov, Dambrine, Belkoura, Richard - IJNRC 13, 2003 
(see above)

� Gomez, Orlov, Kolmanovskii – Automatica 43(12) 2007
“On-line identification of SISO linear time-invariant delay systems from output measurements”

� Nonsmooth techniques (VSS)

� Drakunov, Perruquetti, Richard, Belkoura, - Ann. Reviews in Control, 30(2) 2006
"Delay identification in time-delay systems using variable structure observers"

� Algebraic techniques (distributions)

� Belkoura, Richard, Fliess - Automatica 45(5) 2009
"Parameters estimation of systems with delayed and structured entries"
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The idea of ALIEN
(Fliess, Sira-Ramirez ESAIM COCV 2003)

Basic example, no-delay case

• elimination of     :

constant perturbation

unknown parameter; 

(        initial condition)

ALIEN’s idea, Ctn’d

• estimation of     :

� t may be very small � fast estimation
• number ν of integrations � averaging role
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• parameters or states obtained via iterative integrations 
(or, more generally, low-pass filters)

• noise = fast fluctuations

ALIEN’s idea, Ctn’d

Same approach works for derivative estimation
[Mboup, Join, Fliess, Numer. Algor. 2009]

position (sensor)

���� (ALIEN estimations) ����speed force

estimated force (MatLab)

ALIEN’s idea, Ctn’d
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... and it works for delay estimation
[Belkoura, Richard, Fliess, Automatica 2009]

1rst results: simulation

2) real process (simple)

(basic example)

ALIEN’s idea, Ctn’d

ALIEN’s idea, Ctn’d
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... and may work for closed loop, variable
delay estimation

ALIEN’s idea, Ctn’d

constant parameters slowly varying parameters

+
-

+
-

Some general references
• Kolmanovski-Nosov (1986), Academic Press.

Stability of functional differential equations. 

• Niculescu (2001), Springer

Delay effects on stability. LNCIS Vol. 269.

• Richard (2003), Automatica (39)10

TDS: An overview of some recent advances and open problems" 

• http://hal.inria.fr/lab/ALIEN/ 

identification, differentiation, model-free control…

• Richard et al. (2002) Hermès

Mathématiques pour les systèmes dynamiques                    …or �


