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Abstract

This paper gives sufficient stability conditions for
nonlinear, time-varying, differential equations of neutral type.
Considering particular vector Lyapunov functions (VLF), it
proposes a systematic way of computing comparison systems
which are of the retarded type. In the linear time-invariant
case, very simple stability conditions are deduced.

1. Introduction

Functional Differential Equation (FDE) of the neutral type
are often used to model engineering systems (see for instance
(4], [8], [20]). As for many models, checking their stability
properties constitutes a critical and complex step in the
control design.

Stability of ordinary differential equations (ODE) has
been widely studied (and is still), as well as for FDE of the
retarded type (see the numerous references in [2], [7], [19]).
However, criteria for neutral systems have not yet reached a
comparable applicability and integration level.

In what concerns the stability of nonlinear FDEs, the most
useful methed is still the direct Lyapunov's one, which is
based on the construction of some suitable function
(Razumikhin, [13]) or functional (Krasovskii, [9]). This
elegant method is known to be difficult in practice because of
the complexity to construct such suitable function or
functional, despite the two stage methods developped recently
[6]. For many systems such a difficulty may be passed round
by considering a simpler "comparison system" whose stability
implies the stability of the original system. This comparison
principle, at the outset applied for stability analysis of ODE
[11{10][12], was further enlarged to retarded FDE [10], and
more Tecently, a systematic result based on particular vector
Lyapunov functions was proposed in [2], [3]. Concerning
nonlinear neutral systems, a scalar comparison result was

given in [8}, [18], that the authors generalized to vector ones
[15], [17]: but, in all this approaches of neutral systems, the
obtained comparison systems are of the ODE type, which
needs quite restrictive assumptions. This paper relaxes the
major part of these constraining assumptions by defining
comparison systems of the retarded type.

Here we consider the stability of the zero solution of the
following FDE :

X(0) = Aglt, X(t) XE-h)X(O+ A(1, x(8), x(t-h))x(t-h)}+Bx(t-h),
21, (1.1)
with initial conditions, x,, = ¢, ¢ € C!([-h, 0] ; RD),
where
» h > (is a constant delay ;
e notation M(.) and M,(.} stands for M(t, x(t), x(i-h)) and
- M(t-kh, x(t-kh), x(t-(k+1h)) respectively where k is an
integer;
= entries of Ay(.) and A;(\) are continuous functionals ;
s B is a constant nxn matrix ;
e X(t, ty, ®) € R", also abridged as x(t), is the solution of
(1.1) with initial condition ¢ = x¢, ;
* Xt is the state function, x,(0) = x(t+0) V8 € [-h, 0].

The paper is organized as follows : section 2 presents
assumptions and definitions. Section 3 gives the way to
compute vector (corollary 3.1} or scalar {corollary 3.2)
comparison systems, leading to general stability conditions
{theorems 3.1 and 3.2). Then, the particular case of linear
systems is considered (corollary. 3.3). In section 4, some
examples illustrate the efficiency of the proposed results.

2. Notations, Assumptions and Definitions

Notations

s R"is the real n-dimensional linear vector space with a
norm LIl ;



o C=C!([-h, 0] ; R™)is the set of all differentiable functions
mapping [-h, 0] into R, with norm I iic defined by V € C,
lipllc = sup{lip(B}Il :6 € [-h, 0]} ;
¢ (2 is some subset of C, including a neighborhood of zero ;
¢ [,is nxn idendity matrix ;
» if llull is a scalar norm of a vector u, the associated matrix

norm of a matrix M(.) is defined by

IM( )= suF IM()xI

x:llxli=1

and the logarithmic norm of M(.) is (as in [7])
. 1
M) = lim 50, + AMO - 1)

¢ the vector x is partitionned into
T

T T T.T ,
x=[X1, ., Xi, ., Xc]  where x; € RH, 21"‘ =n;
=

» V:RPs R (<n)isa regular vector Lyapunov function
(RVLF) which components Vj are scalar norms of x; ;
according to the partition of x, matrix A is partionned into

Ar1-AjjAgr

¢ the rxr matrices V(A) and T'(A) are defined as

V(A) = [V(A)y] with V(A); = Vi(Ay) and
. VitAx) |

V(A X VR0 { Vi) hi#]
LAY ={T(A)] . T(A) =v(Ay), T(A)y= V(A); Vij;

e sup {M(.)} means the matrix [m(.);], my(.) = sup M(.),
2tp, xie Q;

* A(M) is an eigenvalue of matrix M, sp(M) the set of all
eigenvalues of M, 6(M) = sup {IA(M)I : A(M) & sp(M)};

* inequalities, absolute values, moduli for vector or matrices
are to be considered for each corresponding entry.

Assumptions:

* Al) There exists an unique solution of (1.1) for any
differentiable initial conditions (see [4] for this theory) ;

* A2) B is not nilpotent, that is there is no integer n such that

BM =0 (in the contrary case, system (1.1) could be reduced
to a simpler retarded system).

Definition 2 [15] :

A dynamic system (A) is said to be a Comparison Systern of a
dynamic system (B) with regard to the property 2 (for
example, stability of its zero solution), if the verification of
property # for system (A) implies the same property for
system (B),

Definition 3 :

Let g be a functional mapping RxRFxC(]-e0, 0] ; RT) into RF.
The system

dt) = g(t- Z(l), Zt)’ =Y (2'1)
with solution z(t) = z(t, g, W) €R7, is an overvaluing system
of (1.1) with respect to the RVLF V and set Q, that this
V(e@) Syw@®), Vo0 = VX)) Szt th, 9), VI ty,

as soon as X, takes its values in & if g is quasi -monotone
nondecreasing in its second argument and nondecreasing in
its third one [10][12].

The overvaluing system is said to be global if 3 =C,

Remark1: An overvaluing system constitutes a comparison
system if x(t) remains in £ for alt the time. Indeed, if

V(x(1)) < z(t, tg, V(¢)) V t 2 tg, then any property relative to
stability verified by z(t) is verified by x(t).

3. Main results

Before we prove the main results let us state the following
preliminary result in Lemma 3.1

Lemma 3.1

For any matrix A, B € R™ and vector x &€ R®, the following
inequality holds :

V(ABx) < V(A)V(B)V(x).

Proof : This immediately follows from ¥ AeR®"™", and
YxeR®, V(AX) £ VAV(X).

Lemma 3.2:

Consider a RVLF V and a subset Q of C.

Suppose the following conditions

DoViB) <1,

ii) solution of {1.1) remains in £ and is such that,
1) there exists a matrix I1{.) with positive bounded
coefficients such that

g‘V(B)“‘IV((Al(-) + BAYD) STI() t2 8,

2) solution of (3.1) exists and is unigue.
Then the system (3.1)

2(t) = T(Ag()z(t) + g‘V(B)k"V((Al(-) + BAo())z(t-kh}))

zZ(tye R, 244(0) =y (), VO<0 (3.1)
is a comparison system of (1.1) with regard to (asymptotic)
stability with respect to VLF V and set Q.

Proof : see appendix A.

The following corollary gives a simplification of lemma 3.2

Corollary 3.1

Suppose that the two conditions of lemma 3.2 hold for
matrices I'*(.) and Ag(.} such that r*(.) 2T(A()) and
A2 VA + BAY), fort2ty, x; e,

Then any system (3.2)

2(t) = T*()z(t) + TVB) A yz(t-kh),

z(t) e RF, 2;(8) =y (8), YO0 (3.2)
is also a comparison system of (1.1) with regard to
(asymptotic) stability with respect to VLF V and Q.



The previous results have their equivalent in the scalar case.
expressed in the following corollary.

Corollary 3.2

Consider norm ILIl and a subset Q of C.

Suppose the following conditions

)IBI<1,

ii) solution of (1.1) remains in Q and is such that,
1) there exists 1(.) <= such that

;‘HBII“"ak(.)S n{.),t2t, forany of.)and a,(.)

verifying W(Ag(.)) £ a(.), I(A;(.) + BAGIX < a(.),
fortzty,xt e}
2) solution of (3.3) exists and is unique.

Then the system (3.3) defined by

2t) = o Yz(t)+ ZIBIlaya(t-kh), (3.3)

is a scalar comparison system of (1.1) with regard to
(asymptotic) stability with respect to scalar norm Il f and Q.

Now we can give stability conditions of zero solution of (1.1).

Theorerm 3.1:
Suppose conditions of lemma 3.2 hold.
Then, the zero solution of (1.1) is stable (respectively
asymptotically stable) if
i) there exists a positive constant vector u such that
[T(ALN +T()u SO0, Vit x,€Q
ii) respectively there exists a positive constant vector u and
scalar € > 0 such that

[T{Ag()) +TI(Yju S -eu, Ve 2ty x, €Q,
Proof : see appendix B.
If V is a scalar norm we obtain Theorem 3.2

Theorem 3.2 :
Suppose conditions of corollary 3.2 hold.
Then, the zero solution of (1.1) is stable (respectively
asymptotically stable} if
Do)+n() €0, Vit x,eQ
ii) respectively there exists a scalar £ > 0 such that
of}+nl) S-e, Vit x eQ,

In linear time invariant case, the two previous theorems are

reduced to very easy-to-check criteria that we will summary
in the following corollary 3 .2,

Corollary 3 .3

Suppose (1.1) is linear time invariant and consider scalar
norm Il and a RVLE V.

1) If V(B) has all its eigenvalues inside the unit circle and
T(Ag))+ (Ir - V(B))"'V(A, + BAy) is the opposite of a
M-matrix, then zero solution of (1.1) is aymptotically

stable.
HA; + BAyl
2) IfIIBH<land‘I(A0)+_—11.1|B—:?O< ‘

then the zero solution of (1.1) is asymptotically stable.

4. Examples
4,1 Example 1

Let us consider the following system,

_ ] fi(t, x(t) x(1-h))
x(t)=( 0.5385(t,x(t),x(t-h)) 1 ) Ko

(005 x(t_h),,(g O Yien @

where functions f; and f, are bounded, for t 2 ty-h, as follows :
Ifict, x(t), x(t-h))l £ ;.

In the particular, linear case f; = 0, f2 = [, this example was
considered in [5] and, further, in [16]. In our case, the
functions fj can be interpreted as bounded uncertainties on the
model.

The problem, as in previous references, is to determine the
values of parameter ¢ ensuring the stability of the zero
solution,

Linear casefj=0,f;=1:

In [16], by applying complex Lyapunov function, the
asymptotic stability was proved for -0.9848 < ¢ < .9837.

The result in [5] was more constraining : 0.25 < ¢l < 0.52.
Applying Corollary 3.3, a very simple calculation provides
the condition lcl £ 0.468. Our condition is more constraining
than [5], however the calculation is immediate and our
condition is still valid in the nonlinear case, as we will see
now,

Nonlinear case Ifi.}| <1, :

Let us compute the parameters of a comparison system of
{4.1). We have
0.5

ArtBAy() = ( 05ct) 50 “2)

Considering the simplest RVLF V(x) = [Ixy}, ngI]T, the
parameters involved in (3.2) can be expressed as

2 0.5+
T () + TI() =| 0.5f, -2+44icl | This matrix is
el 1l

constant so it is sufficient to verify that I'*(.) + T1(.) is the
opposite a M-matrix.
The matrix 1"*(.) +TI{.) is the opposite of a M-matrix if
4-0.5£,(0.5+f,
lel < &ém . @.3)
This is a condition for the asymptotic stability of the zero
solution of (4.1). When f=0; f,=1 we obtain previous results.

Note that this form of system can neither be studied by
methods given in [5], nor [16].

4.2 Example 2

Consider a shunted power transmission line, described in [20]
by the equation (t 20, xe R, Ibi< 1, g(0)=0),

X(t) = - g(x(0)) + bx(t-h), . 4.4)



It was shown in [20] that the zero solution of (4.4) is stable if

xg(x) > 0 and Ibl <% .

Using the "two-stage method”, {6] showed that the zero
solution of (4.4) is asymptotically stable if

xg(x)>0and bl < 1.

Let us derive another form of asymptotic stability condition
of (4.4) in the case where the function g is differentiable with
respect to X. In this case let define the function f(x) as the
derivative of g with respect to x. Then note that {4.4) can be
rewriten as

1
X0 =- al‘f(sx(t))dsx(t) +bx(t-h), 20
Applying previous results we obtain the following condition
of alsymptotic stability :
if Jf(sx(t))ds 2 ¢> 0,12 0, then the zero solution of (4.4} is

asymptotically stable if Ibl <-21- .

In the linear case, that is g(x(t)) = a(t)x(t), the asympfotic

stability condition is reduced to a(t) = ¢ 0 and Ibi <-;: ; what

is one condition given in [6] using two stages method as an
asymptotic stability condition of zero solution of linear

system x(t)=- a(t)x(t)+ bx(t-h).

4.3 Example 3

Consider now the gradient type equation. For example, if
VG(x(1)) denotes the gradient of G at x(t):

X(t) = - VG(&x(D)} + Bx(t-h),t 20, x € R® (4.5)

where G: R" — R is two times continuously differentiable,
with G(0) = 0, VG(0) = 0.

This form of equation was also considered in [6] without
assumptions that G is differentiable and VG(0) = 0. It was
shown that if G(x) > 0, x # 0 and IIBll < 1 then zero solution of
(4.5) is asymptotically stable.

Proceding as previously we obtain the following corollary,

Corollary 4.1:

The zero solution of (4.5) is asymptotically stable if one of
the two following conditions holds :

1} I]BII < | and there ex1sts a scalar € > 0 such that
a",( -V2G(sx(t)))ds + ;‘IlBllk ! J‘IIBVzG(sx(t-kh))llds <-E.

2) V(B) has all its eigenvalues inside the unit circle and there
exists £ > 0 and a r-vector u > 0 such that:
1

i JF(-VZG(sx(t)))ds +

o 1
g‘ V(B! U[V (BV2G(sx(t-kh)))ds]uz-gu.

For instance, take G(x(t)) = xT(t)Qx(t) where Q is a nxn
constant matrix. Then V2G(x(t)) = Q + QT and the asymplotic
stability condition is
1) IBll < 1 and ¥(-(Q + QT)) +~Jlgﬁ)— 0.
or
2) V(B) has all its eigenvalues inside the unit circle and
T(-(Q + QM) + (I-V(BY)'V(B(Q + QT)) is the opposite
of a M-matrix.

Suppose Q has cpposite off-diagonal entries, so that

Q + QT=diag(-a)), 3;>0, i=1,n

and denote ¢ = min (g;), B = max(a; ), i=1,n, Then the first
condition of Corollary 4.1 implies that the zero solution of
(4.5) is asymptotically stable if

Bl<-% <1

o+ T2

5. Conclusion

The present work provides contributions to the analysis of
neutral type FDEs by giving scalar and vector asymptotic
stability conditions. The main contribution of these results is
relative to the computational simplicity, in the linear case as
well as in the nonlinear case. In the linear time-invariant
systems, one can consider these results as a generalization of
[11] to neutral systems.

The given stability conditions are sufficient and independent
of the size of delay,

Note also that conditions given in this paper are robust with
respect to the perturbations of the coefficients of the system
because they are based on majorations. In particular, these
resuts can also be extended to the case where the matrix B is
not constant, provided that its absolute value can be
upperbounded by a constant one.

Appendix : Proofs

We will proove the results only in the vector case ; scalar case
obsviously follows.

Appendix A : Proof of Lemma 3.3

Let function y(t) be defined by

y(t) = A;(.)x(t-h) + Bx(t-h) Al
then (1.1) can be develped as
n

x(t) = Ag()x(t) + g‘Bk"(Al (.)+ BAg(.)x(t-kh) + BMy(t-nh)

A2
where the matrix (A; (+ BAy(.)), is defined as

y(t-(k-Dh) = (A; (H+BAG()xx(t-kh)+Bx(t-kh) A3

For some i, | €1 <r, consider the function Q; defined in [7] as

Qlxoyil =lim 5 [Vi(x; + Ay) - Vi (el
A-0*



Then
DHVi((0) = Qilx:0, x,(0]
= Qlx(®), JZ‘Aoijxj(t) +

Jg( (éBk‘l((Al () BAg(Mnex(t-kh} )i+ (Bry(t-nh))]

A4
Considering the definition of Q; we obtain the inequality

r
DHVixi(0) £ Qilxi(t), Ag()xi(®] + j=§#vj(A0(~)ijxj(t))

+ J;ng;‘ BI(A1 ()+ BAg()K(t-kh)j+ Vi(B"z(t-nh))

AS
by the definition of ; [7] yields

DHVilxi(t)) £ W(Ag()Vi(x(0)+ j=§£(AO(-))ijvj(xj(t))

+ E!Vj(kgl BEIA| () BAO(.))kx(t-kh)j)+‘Vi(B“yi(t-nh)) Ab

Doing this for i= 1 to r we obtain inequality :

DHV((t) S T(Ag()V(x(®) +
V(EBEI(A] ()+ BAy())x(t-kh) J+ V(BMy(t-nh)) A7

or
D+V(x£t)) ST(AN)V() +

ZVBFIA; ()+ BA)x(-kh)) + VBy(t-nh)) A8

and applying lemma 3.1 finaly yields
DHV(x(t) < T(A)V(x®) +
n

%V(B)‘“'V((A. (.+ BAg( )W V(x(t-kh))
+ V(B)"V(z(t-nh)) A9
According to condition 6(V(B)) < 1 and the fact that ¥ t > t,
there exists an integer ng such that V(y(t-nh)) is bounded by
initial conditions for n 2 ng, V(B)"V(y(t-nh)) — 0 whenn —

+eo then it is sufficient that the sum
Z(t) = lim Z. (1)
TNamdpems

n
where Zy(t) =kZ|V(B)“'1V((A,(.)+ BA(DWV&(t-kh))  AlD
exists for obtaining an inequality depending only on the

component x so if we consider the r vector function m(t),
defined by

my(t) = sgp{Vi(xi(S))} All
s<t
we have the inequality
n

L= [g‘V(B)""V((M (J+ BAg(. Dolm(t) Al2

n
and as the sum “Z‘V(B)HV((A] (.)+ BAy{.)) exists according

to condition ii) and this imply the existence of Z(t) and finaly
the inequality

DHV(x(D)<ST(Ag( ) V(x(L)

+éV(B)k“V((A1(.) + BAO(.)))V(x(t-kh)) Al3

as i — oo ; the off diagonal coefficients of matrix T(Aq(.)
and all coefficients of matrix V(A;(.)+BAg(.)n)) are
nonnegative, so functional g defined by

&(t, 20, zp = TA() (1) +
ZVBMIVA; O+ BAW))(rkh)  Al4

which appears in inequality (A13) is quasi-monotone
nondecreasing in its second argument and nondecreasing in
its third argument so by definition 2 and remark 1 conclusion
yields.

Appendix B : Proof of Theorem 3.2

Before prooving theorem 3.3 let us give without proof this
lemma

Lemma B1 [7][10] {comparaison principle)

IfT(Ag(.)) has all its off-diagonal coefficients nonnegative
and given two vector function z)(t); z;(t)e R}, verifying
differential inequality

Dézy(1) SF(AO(-)lzl(t)

+ %V(B)k“V(Al () BAy(Jz(t-kh)) Bl

25(0) 2 I'(Ag(.)) 2o(1)

+ Z‘V(B)k‘IV(A, ()+ BAg()))z,(t-kh)) B2
if 2} (tg10) < 25(ty+8), 8 £ 0 then 7, (t) S z(0) for alt t 2 t,

1) stability : Consider the set (¢ : V(@) <y}, where Y isar-
vector with positive components. Then it is sufficient to show
that this set is a positive invariant set for system (1.1). Let
suppose the contrary, then there exist a fiist time t; and an
index i such that Vi(x(t;)) = ¥;. But acording to lemma 3.2
any solution of (1.1) verify inequality (A13). For any initial
condition ¢ there exists a positive diagonale matrix A such
that V(@) = Au. Define z,(t) = V(x(t)) and z,(t) = V() = Au.
These functions satisfy inequalities (B1) and (B2) fortg <t <
t; and so, according to lemma B1

z)(t) £ z5(t) = V(9) < ¥ for ty £t < t; which contradicts the
definition of t;; so, for any v, the set {g: V(@) < ¥} is
positively invariant for (1.1) which means the stability of zero
solution of (1.1).

2 ) asymptotic stability : I is sufficient to proove that zero
solution of (3.1) is asymptotically stable. Consider the system
(3.1) and define the function v(z(1)} as:

Vo) = mix (A B4
lsisr lli



. . . Iz
For each t there exists an indice p such that v(z(t)) = u—pl
p
and its derivative verifies

dtviz() 1 d
S < AOR + STAO)O1+

ZE VB VAFBANN -k BS

or

dtv(z() 1 r
AW TTAOKE0

o

+ ZZIVEBIVAr+ BAQO] 150 B6
along the trajectories verifying Izj(t-kh)l <lz;(t). '
Then, according to definition of v(z(t)), we have

d*viz(®) _ 1
_V:(ifi)) gE [(C(Aq())ul,

+ZIVEVAHBADuvE®] BT
+ |
o vdft _:_{ulp (T(ACN+TI(Nulv(z(t) < -ev(z()

so v(z(t)) is a Lyapunov-Razumikhin function, and the
conclusion yields,
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