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Abstract
This paper defines several Riccati equations that allow
checking the stability of difference equations with delay effect

m
as X = > A Xy (x € R"). These various matrix Riccati
=0
equations have the same dimension n than the vector X,
whatever the order m may be: this represents an advantage
for high orders m when compared to classical matrix
Lyapunov equations which should be of order mn. For
instance, as a corollary, independent-on-delay (m) conditions
are derived in the special case x;,; = A x; + Bxy,. All the
proposed conditions are sufficient, but tend to necessary-and-
sufficient ones if there is no delay effect (A;=0 for j 2 0).

1 Introduction

Many recent results are dealing with the modeling,
stability and control of continuous-time, differential-
difference equations (see e.g. [K-S 96, D-V 97, Ric 98] and
included references). The stability of difference systems was
not so often considered, even if significant applications are
existing (sampling control of delay systems, or asynchronous
block iterative computations [KBS 90]): in the linear case,
except some recent results [V-1 95], the main tools remain the
usual test of the system eigenvalues, or the classical, quadratic
stability approach involving discrete Lyapunov equations (see
for instance [JUR 90, K-B 60, Las 86, B-T 96]).

Consider for instance the difference equation

X1 =AX;, 120, xeR", A constant (nxn) matrix. (1)

It is well known [K-B 60] that a necessary and sufficient
condition (N.S.C.) for the asymptotic stability of (1) is the
existence of a symmetric, positive-definite matrix P which is
the (unique) solution of the matrix Lyapunov equation

A’PA-P=-Q
for any symmetric, positive-definite matrix Q.

Consider now the simple difference equation with delay,

Xi+1 = A X; + BXi_m 5 1>0. (3)

The scheme (1)-(2) may again be considered for stability
investigation of (3): a new phase vector y; = [X;" , ..., Xim ]’
has to be introduced, which allows rewriting (3) in the form
(1) but with dimension mn. After this, stability condition in
the form (2) can be used.

(@)
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But, two obstacles arise in this case:

i) the dimension of y tends to infinity as m tends to infinity

(it means that the dimension of the vector y and matrix P

tends to infinity);

if we try to investigate robust stability of (3) with respect

to m (it means, independently of the value of m), then we

have to check an infinite number of conditions of the form

(2), (i.e. for each value of m).

Other ways to investigate stability of (1) in a necessary

and sufficient manner are connected with the very classical

location of the roots of the characteristic equation

corresponding to (1), or to existence of an integer m > n, of a

matrix ['eR™" with infinite norm less than one, and of a

matrix Le R™™, such that A’L - LI = 0.

However, the attempts to generalize these approaches for
(3) are connected with the same obstacles (i) and (ii)
mentioned above.

To overcome these computational limits, some sufficient
conditions were derived from the use of particular norms,
leading to root-location and matrix techniques (Gershgorin
circles, Cassini ovals, Metzler-matrices).

Recently, a more interesting result by Verriest and Ivanov
[V-1 95] really considered equation (3) as a delay system: this
allowed to investigate its stability by using a Lyapunov-
Krasovkii like approach, connected with Riccati matrix
equations in the matrix P. This way allows keeping the nxn
dimension of these matrix Riccati equations (then, n(n+1)/2
parameters) for all values of delay m, and consequently to
obtain robust stability conditions with respect to m.

The present paper enlarges these results in several senses:

- we consider the more general equations, as X} = AgX; +
AiXi1 ...+ ApXin (then, including intermediary terms) and
the time-varying case x;;; = Aix; + Bix;.;, for instance;

- moreover, for the same original equation, we explain the
way to obtain various matrix Riccati equations by
introducing various transformations (or various auxiliary
Lyapunov functions) and iterations.

Of course, the greater number of Riccati equations we
have, the greater part of stability domain we can obtain.
Besides, note that all these Riccati equations will coincide
with (2) if one suppose the delay is absent.
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2 Basic result

The basic tool we shall use to obtain Riccati equations is
connected with the following Lyapunov-like theorem, stated
below for system (3), where notation |.| is a norm in R
THEOREM: System (3) is asymptotically stable if there is a
function V(i, X_y,, ..., Xg) such that
o ([xo) £ V({, Xy --X0) < O (X + - + [Xo])
and AV(@, X, ..., Xg) < - 0s3(]xq)]),
where AV denotes the shift of the function V along the
solutions of:
AV(, X, ooy Xg) = V(OA+], Xpigy oons X1 = AXg+ Bx )

- V@, Xy -es X0)s 3)
with continuous, positive, increasing, scalar functions ®, such
that o,(0)= 0.

3 Introductory results: the simple case m=1
Let us describe in details the proposed procedure for
equations (3) withm = 1.
Xis1 = AX; + Bxi 4)
Put the Lyapunov equation V for (4) asasum V=V, +V,
and take V| = x’; P x; where symmetric matrix P > 0 has to be
defined. We have:
AV, =X’ P X1 - X' P X ©)
= (AXi + BXi_l)’ P (AAXl + BXi_l) - X’iP Xi
= X’i[A’PA -P]Xi + X’iA’PBXi_l + X’i_lB’PAXi'F X’i_lB’PBXi_l.
Now let us choose V,:

V,=x"iu[ R+ B’PB ] x4, (6)
where R > 0 is a symmetric matrix to be chosen. Then,
AV, =X R+B’PB ] x;-x’;;[ R+B’PB | x; @)

But, by adding and subtracting a term x’;A’PBR'B’PAXx;
to some part of (5):
X’iA’PBXi_l + X’i_lB’PAXi - X’i—lRXi—l * X’iA’PBRJB’PAXi (8)
= -[RXi_l- B’PAXi]’ R>1[RX1_1 - B’PAXI] + X’iA’PBR-lB’PAXi.

From (5)-(8), it follows that
AV =x’;[A’PA-P + R + B’PB + A’PBR'B’PA]x;
- [RXi_l- B’PAXi]’ R-l [RXi_l + B’PAXi] .
Hence we obtain the following, first result.

THEOREM 1: Assume that for some matrix R > O there exists a
matrix P > 0 such that the matrix

A’PA+B’PB-P+R+APBR'B'PA=-Q )
is negative-definite. Then (4) is asymptotically stable.

Now, let us show how, by using an other type of rewriting
of type (8), we could deduce a different Lyapunov candidate
function and, in turn, obtain an other Riccati equation. Choose
V, as previously: then for AV, we have representation (5).
Note that, by adding and subtracting the term x’;Rx; to some
part of (5),

X’iA’PBXi_l + X’i_lB’PAXi T X’iRXi

= -[RXi-A’PBXi_l]’R-I[RXi-A’PBXi_l]

+ X’ B’PAR'A’PBx; 1+ x"Rx;. (10)
Hence, if we choose as V, the function
V2 = X’i_lB’PAR-IA’PBXi_ﬁ'X’i_lB’PBXi_l N (1 1)

the difference A(V+V,) satisfies:
A(V+V>) = x’,[A’PA-P+R+B’PB+B’PAR 'A’PB]x;

-[RXi-A’PBXi_l]’R-I[RXi-A’PBXi_l].
This allows deriving the following theorem.

THEOREM 2: Assume that for some R > 0 there exists a matrix
P > 0 such that the matrix

A’PA-P+R+B’PB +B’PAR'A’PB=-Q
is negative-definite. Then (4) is asymptotically stable.

12)

Comparison of (9) and (12) shows that they differ only in
nonlinear (quadratic) terms where matrices A and B are
replacing each other.

Remark 1: Using other transformations, it is possible to
obtain conditions in terms of existence of linear matrix
equation of dimension n (n(n+1)/2 parameters). In fact, take
V| =x;’Px; as previously and V, = 2x; ;’B’PBx; ;. Then:
A(V1+V2) = Xi’[A’PA-P'FZB’PB]Xi + Xi’A’PBXi_l + Xi_l’B’PAXi
- Xi,l,B’PBXi,li Xi’A’PAXi
=X;’[2A’PA-P+2B’PB]x; -[Bx;.+Ax;]'P[Bx; ;+AX;].
Hence, if there exists a matrix P > 0 such that the matrix
2(A’PA+B’PB)-P = -Q is negative definite, then system (3) is
asymptotically stable. But it seems that this linear description
of the matrix P is more restrictive comparing with the Riccati
one because, e.g., if B = 0, the Riccati approach coincides
with the necessary and sufficient condition (2), while the
linear one does not.
Remark 2: Other possibilities to obtain various Riccati
equations arise if we iterate right hand side of (3) several
times. We shall describe this approach in more details after
consideration of the general case.

4 The general case

Consider now equation
m

Xi+l = Z Aj Xi-j
=0

(120, Ajj=0,.2,.m constant nXn matrices, m fixed integer).
Similarly to (9), we obtain the following theorem (in the

following equation (14), it is assumed that the sum is equal to

zero if the upper limit of the summation is less than the lower

one).

THEOREM 3: Assume that for some matrices R; > 0 there exists

a matrix P > 0 such that the matrix (14)

m m m-1 m

2. A7PA;-P+2 Rj+> AP D AR/ 'A’PA;=-Q<0

=0 =0 i=0

13)

1=j+1
is negative definite. Then, the system (13) is asymptotically
stable.
Other Riccati equations (like (12) for the case m=1) can be
obtained from (14) if in any arbitrary chosen nonlinear term,
or any set of terms
Aj’PAlR{lA]’PAj , (15)
the matrices A; and A, are formally replaced by the places,
which means, e.g., that instead of (15), we have the term
Al’PAjR{IAj’PAl . (16)
Proof. First part of Theorem 3: for the shake of simplicity, let
us consider the case m = 2,
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Xir1 = Ag Xi + Aj X+ Ag Xy

Take V, = x’; Px; . Then
AV = (Ag X + Ay Xi2) P(Ag X + Ay Xi0)
+Xi.1" AP (Ag Xi + Ag Xi2)+H(Ag Xi + Ag Xin) PAX;,
+ X;.;’A'PA X, —x1’Pxi
Take as a second part of V the function
V, =X, [Ay’PA@+R,]X;, . Then we have:
(Ag Xi + Az Xi1.2) P(Ag X; + Aj Xi2)-Xi PXi+AV,

= X" (Ao’ PA¢-P)xi+ Xi.1 (A’ PA+R )xi

- (R1X1-2‘A2’PAOXi)’RI-I(RlXi-Z‘AZ’PAOXi)
+ Xi’AO’PAzRI-lAz’PA()Xi

Take now as third part V3:Xi_1’(A2’PA2+ AI’PA1+R1+R2)X1_1.
Then,
Xi’Ao’PAIXi_l'i‘Xi_l’AI’PA()Xi

+ Xi.; (A ’PA2+A'PA+R )X, +AV;

=X;(Ay’PA, + A’PA+R |+Ry)x;

+ X" Ag’PAR, A PAX;

- (szi-l'Al’PAoXi)’Rz_l(szi-l - A’PA;) .
At last, put V4 = x;1’R3x;; . Then:
Xi_l’Al’PAzxi_z + Xi_z’Az’PAlxi_l +AV4

= X' Rsx; - [RSXi-l'Al’PAZXi-Z]’RS-I[RSXi-l‘Al’PAZXi-Z]
+ Xi_z’Az’PA1R3-1A1’PA2Xi_2 .
So, if wetake V=V, + Vo, + V3 + V4, + V5 + V¢, where
V5 = Xi_z’ AZ’PA1R3>1A1’PA2 Xi2
and V(, = Xi_l’AZ’PA1R3>1A1’PA2XL1 .
we obtain by virtue of (18)-(22):
2

AV=x[-P+ 2. (A’PA+R)) + AgPAR, A, PA,
j=0

+ Ay’PAR, A’ PAG+ AyPA Ry A PA X

- (R1Xi-2'A2’PAoXi)’Rl_l(Rlxi-Z'Az’PAoXi)

- (Roxi.1-A"PAX;) ’Rz_l(szi-l'Al "PAX;)

- (Rsxi-AP Azxi»z)’R3_l(R3Xi-1'A1’PAzxi-z)-

A7)

(18)

(19)

(20)

1)

(23)
We obtain from (23) one of the possible Riccati equations :
2

2. (A’PA+R) + AgPAR, A, PA,
=0

+AgPAR,'APA)+ AyPAR'A'PA,-P=-Q. (24)
Second part of Theorem 3: other Riccati equations can be
obtained from (24) by changing matrices A; and A; or some
nonlinear terms. Let us justify the possibility of one of the
interchanges for the last summand in the left-hand side of (24)
(other changes are justified just in the same manner). Let us
keep without any change the transformations (18)-(20) and
make some modifications beginning with the formula (21).
Namely, put V4 = X;»’R3X;,. Then, instead of (21) we obtain:
Xi_l’Al’PAzxi_z + Xi_z’Az’PAlxi_l + AV4

=- [RSXi-Z'AZ’PAIXi-l]’RS-I[RSXi-Z‘AZ’PAlXi-I]

+ Xi.l' [Rs+APAR; A PA Ix; (25)
From (25), it is clear that we must choose as Vs
V5 = Xi_l’[R3+A1’PA2R3>1A2’PA1]Xi_1 . (26)

From (18)-(20), (25) and (26), it follows that:
2

A(Vi+..+Vs) =x[-P+ 2 (A ;PA; +R )(A;PA; +R )
j=0

+ AgPAR, A PA+ AgPA R, A PA,
+A,'PAR; A PA | Ix;
-(Rixj2-Ay’P AOXi)’Rl—l(RIXi»Z'AZ’P Apx;)

- (RZXi-l‘Al’PAOXi)’RZ—l(RZXi-I‘Al’PAOXi)
- (RSXi-Z‘AZ’PAlXi-I)’R3>I(RSXi-Z‘AZ’PAIXi-l)-
As a result, we obtain Riccati equation for P:
2
2. (AYPAf+R)) + A¢PAR, A PA,
=0
+ Ao PA R, 'A’PA+A;"PARy'A’PA-P = -Q .
In a similar way, we can prove the validity of other Riccati
equations for the matrix P, obtained from (24) by formal
interchange of A;and A;, 1<j, in one or some terms. u

5 Delay-independent stability conditions

Consider equation (3) in which delay m is an unknown
integer. In this case, the Riccati equation corresponding to
(14) is reduced to:

A’PA+BPB+R-P+APBR'BPA=-Q, 27
and the analogous one, using (15)-(16), is
A’PA+B’PB+R-P+BPAR'A'PB=-Q. (28)

Both of these equations do not depend on m and, hence,
give us asymptotic stability conditions for all values of m > 0,
as stated in the following corollary.

COROLLARY 1: The system (3), X1 = A X; + BXjyn , is
asymptotically stable independently of the delay m if, for
some Q > 0 and R > 0, there exists a matrix P > 0 satisfying
one of the Riccati equations (27) or (28).

Remark that this results was also given in [V-1 95].

Example: Let equation (3) be a scalar one:

Xit1 = ax; + in_m . (29)
Then, both equation (27) and (28) being applied to (29)
coincide and have the form

(@*+b*-1 +Pb’a’RHP+R=-Q. (30)
Let us choose R in such a way that the left-hand side of (30) is
minimized with respect to R > 0, which means R =P |ab| . As
a result, we obtain :

(@>+b*-1 +Pb%a’RHP + R =[ (Jal + b])* -1 ] P.

Hence, asymptotic stability condition of (29) independent on
m has the form
la] +|b] < 1 3D

6 Iteration of the equation

Other forms of Riccati equation (and consequently, other
stability conditions in the space of parameters) can be
obtained if we transform some of the terms in the right-hand
side of the original, difference equation. For instance,
consider the simple equation (4): in the right-hand side of this
equation, the terms Ax; and Bx;; can be transformed, for
example, as follows:

Ax;= A(AX;.1+BXi.),

BXi_l = B(AXi_2+BXi_3), ... and so on.

Let us choose one of these transformations and rewrite
equation (4) in the form

Xi+l = (A2+B)Xi_1+ABXi_2.

(32)

(33)
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Then, by virtue of (14) and (33), we obtain that equation
(4) is asymptotically stable if there exists the solution P > 0 of
the Riccati equation:

B’A’PAB + (A+B)’P (A>+B) + R - P (34)

+ (A+B)’PABR'B’A’P(A*+B) =-Q,
where R>0, Q>0 are some matrices which can be chosen
arbitrarily.

Example: Consider again the scalar equation (29), now with
m=1. Of course, necessary and sufficient conditions of
asymptotic stability, in this case, are known to be

[bj<1 and [al < 1-b (35)
However, as an illustration, let us apply the above procedure:
the equation (34) gives us:

[(a’+b)*+b%a” -1 + R(a’+b)’b%a’P]P + R = -Q
The point Ry > 0 where the left-hand side will be minimum is
Ry = P|(a*+b)ab). At this point,
[(a’+b)* +b%a® -1+R, ' (a’+b)’b’a’P]P+R, =[(Ja’+b| + |ab])* -
1]P.
Hence, using this approach, we obtain the following stability
condition of the scalar equation (29) withm=1:

|a®+b|+|ab| < 1. (36)
Figure 1 shows that for b > 0, inequality (36) represents the
same part of stability domain as (31); but for b < 0, it provides
(in the case m = 1) a greater estimate of this stability domain.
We can do further approximation and rewrite equation (29) in
the form:

Xi+1 = (3.3 + Zab) Xin + b(az + b) Xi-3 .
Riccati equation for (37) by virtue of (14) has a form
(@*+2ab)*+ b?(a®+ b)’ + R + (a’ + 2ab)*b* (2 + b)’R'P=-Q
Choosing here R > 0, as previously from the condition of the
minimum of the left-hand side, we obtain that the stability
domain is defined by the inequality:

la’+2ab| + [b(a’+b)| < 1 (38)
Inequality (38) gives, for b > 0, the same part of stability
domain as (31) but, for b < 0, represents the greater part of it
comparing with (31) and also to (36).

(37)

8 Other, various Lyapunov functions

8.1 First variation

So far as, the Lyapunov function V; was chosen in a
simple quadratic form V| = x;’Px; . But, of course, as V; can
be taken other suitable functions which could lead us to other
Lyapunov functionals V and as a result to the greater part of
stability domain in the space of parameters. Let us illustrate
this kind of action by considering equation (4). Take as a
function V, the following:

Vi=xi+Bxi.1)” P (x; +Bxqi.y) ,
where matrix P = P' > 0 has to be defined. We then have:

AV = (X1 + Bx))’ P (i1 + Bxy) - (xi+ Bxi.1)” P (xi + Bxy.p)
= (Cx;j+ Bx..1)” P (Cx; + Bxy.p) - (x; +Bxi.)’P (x; +Bxy.y) ,
where C = A+B. Now let us take V, = x;.;’Rx;.;, where R > 0.

Then, I being the identity matrix, we have for V=V + V;:
AV:Xi’ [C’PC-P'FR] Xi+Xi’ [C’ -I]PBXi_l

+Xi_1’B’P[C-I]Xi-xi_l’RXi_l

= x;'[C’PC-P+R+(C-I)’PBR 'B"P(C-I)]x;

- [Rx;.1-B"P(C-Dx;]'R™'[Rx;.1-B’P(C-D)xi],
which leads to the following result.

THEOREM 4: Assume that for some symmetric matrices R > 0,
Q > 0, there exists a symmetric matrix P > 0 satisfying the
Riccati equation 39)
(A+B)P(A+B) — P + R + (A’+B’-I)PBR'B’P(A+B-I) = -Q.
Then system (4) is asymptotically stable.

Example: Consider once more scalar equation (29) with m=1.
Then, equation (39) gives us the equation for P:

[(a+b)* -1]P + R + (a+b-1)’b’P*R'=-Q (40)
Choose R from the condition minimizing the left hand side of
(40) with respect of R > 0, i.e.,

R=P]|(atb-1)b].

Then equation (40) gives us the following conditions of
asymptotic stability of (29) with m=1,

(a+b)Y+2ba+b-1)<1. “4n
Comparing with the above obtained stability domain,
inequality (41) represents an improvement: stability domain
given by (41) is shown on Fig. 1 which shows, in particular,
that system (29) can be asymptotically stable even fora > 1 .
It means that stability, in this case, is achieved due to the
presence of delay in equation (29).

8.2 Second variation

Using other Lyapunov functions V;, we should be able to
enlarge stability domain. Consider once more equation (4) and
take as the Lyapunov function V| the following:

P P ,
Vi=(xi,X1) {Pl 3} (X, Xi1)

3 2

(42)

where P; and P, are symmetric positive definite (nxn)
matrices, matrix P; is (nxn) and the choice of these matrices
must be done in such a way that the matrix P,

Pz[P} Ps}
P; P

is symmetric and the quadratic form (42) is positive definite
with respect to either x; or X; ;.

Let us introduce also V, = x;.;” R x;.; , where R > 0 . Then,
for V=V ;+V,, we have:
AV = Xi’[A’PlA + A’P3 + P3’A + P2 - Pl +R (44)
+(B’P1A+B’P3-P3)’R>1(B’P1A+B’P3-P3)]Xi+ Xi-l’(B’PlBPZ)Xi—l
-[RXi_l-(B’PlA'FB’P3-P3’)Xi]’R>1[RXi_l-(B’PlA'FB’P3-P3’)Xi].

(43)

Let us look for a matrix P satisfying the above-formulated
assumptions in the form:

P;=CP,,P,=I+B’PB, (45)
where C, is some non-negative constant matrix and I is the
identity matrix.

From (44)(45) the following result follows.

THEOREM 5: Assume that for some symmetric matrices R > 0,
Q >0, C>0, there exists a symmetric matrix P, > 0 satisfying
the Riccati equation

A’P|A + C(A’P+P1A) + 1+ B’P;B-P;+R

+ (B’P;A+CB’P,-CP,)’R"(B’P;A+CB’P|-CP|) =-Q. (46)



Proc. EUROPEAN CONTROL CONFERENCE, KARLSRUHE, GERMANY, September 1999

Then, system (4) is asymptotically stable.

Example: Let us apply this approach to the scalar equation:
Xit1 = ax; + in-l~

Then, from (45) and (46), it follows that:
Py = 2(1-b)(1-b) ' [(1-b)*a”" |

P, = 1+b°P, , 47)
P;=ab(1-B)'P, .
The matrix (43) with the entries (47) is positive definite if and
only if:
[bj<1 and |a]<1-b. (48)

Hence, the last approach has given us the whole, necessary
and sufficient stability domain (35) in the space of parameters
(a, b) (see Fig. 1).

9 Time-dependent systems

The same description of stability properties in terms of the
solutions of Riccati equations can be also done for some
discrete equations with time-varying parameters. Necessary
and sufficient conditions were obtained [Opo 86] for :

Xio1 = AiX; , 121

with A; belonging to some compact set.
These conditions (existence of a norm | .| over R" such that
for any i, | Aix;| < o X;| with some unique real o belonging to
[0,1[) are not so easy to apply (the problem is to find this
norm) and, a fortiori, encounter the same computational limits
when considering delayed equations as (3) (here, with varying
A and B). This section will apply the same idea as previously.
For simplicity sake, we shall consider here the case m=1, but
generalization to any m is possible. Then, consider the
equation:

Xis1 = Aixi+ Bixip , 121, (50
where x; € R" and A, B; are some prescribed (nxn) matrices.
Let us take V| = x;’P; X; , then:

AV = (Aixi + Bixi.) Pini(Aixi + Bixip) - xi'Px;

= X' [APinAi-Pilxi + X" APy B Xi
+ Xi.1'Bi'Pin AiXi + X’ By P Bixig .
Let R; be a sequence of symmetric positive definite matrices,
and V; = xi.;’[Ri+ B{’Pi 1 Bilxi.; :
AV, =x[Ris1 + Bist ' PisoBintIxi - it [Ri + By Py Bilxi .
Remark also that:
X" AP Bixi + X By P Bixi - X Rixi
=-[Rixj. - BiPi+1AiXi]’Ri_l[RiXi-1 - BiPi1Aix]
+ X" AP, ;B R 'BP;y Axi.
As a result, we obtain the following conclusion.

(49)

THEOREM 6: If for some matrices R; > 0 there exist symmetric
matrices P; > 0 such that all the matrices

APA; - P+ Ry + By 'PioBig+ Ai’Pi+1Bi’Ri_lBiPi+1Ai =Q
are uniformly negative definite, then system (50) is uniformly
asymptotically stable with respect to the initial instant i.

10 Conclusion

Several Riccati equations have been formulated, giving
sufficient stability conditions. The lack of necessity is
compensated by an important reduction of the order of the
involved matrices equations. As in [V-I 95], the presented
Riccati-equation-based criteria, using different ways of re-
writing some initial equations, can be compared to recent
results presented for differential-difference systems. The
original contribution can be summarized in to main points:

1) The class of difference systems considered in [V-I 95]
(system (3), Corollary 1) has been enlarged to systems
with several delays (system (13), Theorem 3) and time-
dependent systems (system (50), Theorem 5).

2) Several ways of generalization have been presented: our
aim was not only to obtain some stability conditions in the
form of Riccati equations, but also to indicate how various
other forms of Riccati equations can be obtained, and
demonstrated some of them.

3) Moreover our approach allows wusing degenerate
functionals and investigate the possibility of stabilization
by using delay effect.
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